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ABSTRACT

The equations of motion of a rocket are derived by
applying the fundamental definition of the derivative to
Newton's second law of motion. Three independent cases
are considered: inotion of the missile center of mass, ro-
tation of the missile about a transverse axis through the
center of mass, and rotation of the missile about the lon-
gitudinal axis. The second case describes the motion in
pitch (or yaw), and the third case describes the rotation
(spin or roll) of the missile due to a ring of small jets
placed around its circumference. The equations of motion
of the center of mass are then modified to describe the
motion of a satellite moving around the earth in a nearly
circular orbit. Finally, a method is developed for com-
puting the approximate impact point of the missile by al-
gebraic means.

I. INTRODUCTION

The purpose of this Memorandum is to derive the equations of motion of a missile, for an

oblate-spheroidal rotating earth, from elementary concepts and to express these equations In a

convenient and na arel coordinate system. Spherical polar coordinates are used to locate the

position of the missile center of mass relative tu thu vrLh. It is assumed that the earth is shaped

like a perfect sphere, but that its gravitational field is that corresponding to an oblate spheroid.

The motion of a satellite is determined directly from the equations of motion of the missile,
the former being considered a special case of the latter.

Page 1
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II. MOTION OF CENTER OF MASS

Consider the origin in Fig. I to coincide with the center of the earth. Let the set of axes
E (x, y, z)" be fixed in inertial space, and let the set S '(x','y', z ') be rigidly attached to the
earth. Consider that Y. ' rotates at a constant angular velocity Q with respect to S.

In Fig. 1, ml represents the mass of a quantity of exhaust expelled from the missile. The
center of mass (C. M.) of m, and the missile Is located at P1, whereas the C. M. of the missile is
located at P2. The position vectors S and are drawn from P1 to m1 and P2, respectively. It is
"ta,,meqJ 1611 . = 0. Thn pnsilinn vwetnrpTs1 R, RndTare drawn from the origin to m1.P1,
and P2, respectively. Let I * to be the instant of time just before, and I - to + A the instant of
time just after, m, is expelled. Here, h > 0 Is an infinitasimal time. Thus,

" (to) = 0 (la)

r (to) - R(to) (1b)

rt0 + h) R- R(t 0 + A) + (to + A) (ic)

r, (to + h) = A(t0 + h) +1 (to + h) (1d)

m I -f m(to) .- m (to + h) 0le)

where m(t0 ) and m(t0  A) refer to the mass of the missile.

Let T"represent the total linear momentum as measured in X . Then

(in) = rn(tn) dr(tn)

dd "(t, + A)

From Eqs. (1),

7 (to + h) =-r(to+ 1) -(t 0 ± h) -- (to + I)

'The nomenclature used throughout this Memorandum is defined in Table 1.

Page 2
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Substituting this and Eq. (le) into the expressions foi (*0) ang47(to + h) yields

-*to + A) -(to) = n(8o) [!Lwr(to + hz) - __7t

t. m(to) -m (to +h ~~(to +A) P(to +A

Now,

F uexternal forces acting on the system

r uorn-

m- (to)li h

h-00

F m(s) - (to) - A (to) to) -7"(toj (2)

In Eq. (2), Vill signifies rate of change in X. The quantities F, r, s, and P can be ex-

pressed in either set of coordinates. Since it is most likely that 7nrwlbemeasured in 7.,

it will prove more expedient to express Eq. (2) in trmso atofcagin':ientrm

of d '/dt. Now,

t dt

Pago 3
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and similarly for'and'P. Therefore, Eq. (2) can be written

S,) -r (o + 2 ilx L78 +-X16 704
/ IL dj 2  d~( t - xx7&

(to { 90 -P(8)] + x(o) (3

mines (I1 a constant and IO)  ., Let

4d 17 < (s o) ] -P " +

, where? . thi velocity of in1 Wfth repect to the missile (exhaust velocity). Now,

I w:,<' o) I . -I " II ( o) . F or a typ ic al m is sile , I '(to) I 2' '2 ft., S in ce IfiI 7.2 V x 10 n 5
radian-/mec, then In x(I) 1 50.00145 ft/ms, which is negligibla ompared with

I1 2DOo0 ft/s., Hence, the last term In Eq. (3) can be omitted, Since no restrictions are . . . -.

placed on the time 1 except that it occur before mI is expelled, and since mI is being continually .

expelled (during burning), then ..

7 1! 7%) + 216x v(') -6 x ) ;ft (4)W..

wherel'(i) (d/de)rr(). Herea''() and F are measured in 1'. st quantity Trepresents the

sum of all external forces acting on the missile (excluding vacuum tust), and the quaitity

+ A (t) 7equals the vacuum thrust of the rocket, where ;. < 0. The quantities -'2m17 xT and

M -m"X ?x r are the Coriolis and centrifugal forces, respectively.

Page 4
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III. ROTATION ABOUT A TRANSVERSE AXIS

Let L be the total angular momentum about the origin (see Fig. 1). Then

T4 Zkt0) x m (to) -R(!10) +I(t)Yto

J /

L (to + h) - 41(to, ') x m7. 0,-, d t(to + hi) + a (to + h) x m I ±(to + h)

+7t.+ h) x m(o+ h) (80 +A) + Il(to + h)"74t0 + h)

where - angular velocity about P'2, and I - moment of Inertia about a transverse axis thr ugh
the mame point. Lot the origin coincide with P2, so tbat 7((.'- h) -- "(to + h), and Tt) - .
Then

(+ h) L (t) - 4 + h) + M (o t h) x p(o+ h)

- M Fmto + A)m(to8 (to + h) x a (to +

(to + h)(1 0 + h)l -oY(o

Now

torques taken about P2

Jlim 7( 80 + A) -7t,
h- 0 h

Page 5
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N li x- + 0 + ) x _ 1+) Fo+h) + M(to)]
A-mo h dL

I: " .. ,, ml(SO + ) - m (to)  d( O h x la(O h

lIi m~ + A)- 0 +m)(10 &(o) h

+ lir I(to + A) (to+ h) o

h- O 3h

since'(80 ) 0.

M 7(80)x 6 (0 ) M (b A (o a ( x (08 0(t0)

dt dt dt. di
dI'

The first term on the right is obviously zero. Now, 8( O) "81 (90)0 where"a I unit vector. Then

84,0o) d 1 .,o) + .(8,) rx ,1)

.where"= Y Y I . Thisin illustrated In Fig. 2, where 51 is a unit vector pointing into the paper,and'1 is a unit vector In- the direction of changing 1 . T7en × ( x,n vc1 &I e ofn so that

x - '

ys 2 ( 0) =t1  x l

PSagto ) 6I

•.Page 6
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Therefore,

d I t ()(t) (5)

Assigning a value to so is difficult, since so - distance from P2 (at time 9 -1) to ml, and since
I 7the exact location of m, at r to is not known. Let so be the distance from P2 (at t t £o) to the

base of the misuile.

IV. ROTATION ABOUT THE LONGITUDINAL AXIS

The rapid rotation of a misille about Its longitudinal axis can produce the same stability
in flight as that achieved by a missile employing fin deflection. This rotation is generated by two

or more jets situated around the circumference of the miasile at the rear In the present discussion,

iff h1 T toaNubro esit is assumed that, if fi = thrust of the ith jet, then 0 f " 0, where N - total number of jets,

Figure 3 shows the rear of the missile. The longitudinal axis passes through the center

ofthe circle (representing the missile) and is perpendicular to the paper. In Fig. 3 (a), the position
vector 'i, drawn perpendicular to the longitudinal axis, points to the ith jet at time t - to . Figure

3(b) shows the location of this jet at time t = to + ,ii'The quantity mi is the mass of a quantity of

exhaust expelled from the ith jet, and*#'1 , Ti are position vectors locating mi, as shown. The..

plane determined byR,, R8 is perpendicular to the axis, From Fig. 3,

• sj(s o) 0

R,(t) t (to) (6)
-9i

(t+ h) = r(to + h) + si(to + h)

Page 7
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Let Lrepresent the total angular momentum. Then

L (to) 1(to) 4)(10)

N
=~d lTt 0 ho + hL~o+h 1t )wt 0 + + Ri hto +~ 0 - R1X +

*where omangular veloc ity about the longitudinal axisj end I =moment of Inertia about this axis.
Thmeon tr i + h) is the angular momentum of all the mi about the origin. 1f it in

!Yassumed that m1 I m2  M . -iN, then

N N

)R(to+ h)XM .- Rj(s0 + h) -mN z I7?( 0+h)X Air,(t0 + h)
SdiL dt

da(t + h) + '7j(to + h)

dM (to) r m(to +h.m (to)
dt h -O

so that

M (t) ='t) -N lim h

Poge 8
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Let T torquea taken about the longitudinal axis. Then, since sj(t0 ) -0,

L (to + A) -L4 0)
T~in

h-0O

N

dt~

I N N
d4.) (to]

~4t dt d

"04 E -w t X+ S

the longitudinal axis (sea Fig. 4). Hence, WdlO) ri = W~ X P,- 1 g , where ;6 is a unit vector
in the direction of changing7r, The velocity at which mi leaves the jet (exhaust velocity) is
equal to drj/idt. From Fig. 4,

dej dsj

Ve

Page 9
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Therefore,

N
d*Z j 7(8) X F () + -j~ Nr (w r W - voio)

g-!

so that

+~~T T - 1 o1 ) - th(t) rl r - v,) ,.,,0 (8)

Here, ai.(, rat ar than oj(s) d, Is of chief Interest. The torques T are highly dependent on the

particular design of the jets.

k V. EQUATIONSOF MOTION

A. ':Mlello

In Fig. 5, the coordinate axes x, y, a are fixed in the earth, and the origin coincides with

the center (of mess) of the earth. The quantities , k Nare unit vectors pointing in the directions

of Increasing x, y, x, respectively. The angular velocity vector Q of the earth lies alonT the

positive y axis, as shown. Thd position coordinates of the center of mass (C. M.) of thW missile

are r, , 0, ddined by Eqe.(9) and Fig. 5, as follows-

. x= r coso 0 coo .

y = r sin 0 ) (9)

r <0 <7T

z = rsin0 coo

Page 10
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The velocity coordinates of the C. M. are v, 0, a, defined in Fig. 6. Hlere, r, 00, 00 are unit

vectors pointing in the directions of increasing r, 0i, 0, respectively. The angle between the

velcit vetor~an~ 0 is (7/2) -0; uis the angle between-;0 and the projection of Tvin the

plane normral toltj. From Fig. 6,

r (l0a)

v u in 0+ o c oo a + 00V Cos ehin a(lb

Now)

-= PO + r -
dt dt

but

.7.60c s oo + m'in + tsine 0co

;0 1 (-os 0sin + Cos k(-in asin 0)(1)

0 in 0) + koo 0

Hence,

so that

v or+ ;or~ +T r coo 06 (12)

Page 11
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Equating Eqa. (lob) and (12) yields

V i (13a)

CO = o (13b)

r

Covs 8 i (13c)
r Cos~

From Eq. (10b) and Eq@. (11),

- r- (v coo i .hi2 + -5 v ,.os 0 sina -vcoasi

k" +~ coo a~ Cosa+o cB sine CosCoa V C or2 sin a to a

22

+. 00 9(V Cos 0cosa* -Vinasin 06+ 6cose hina+ 2 i o i

- c08n2 89 coma sina tan~ (14)
r

The angular velocity of the earth is given by

fjf=ro (Isin 0+ 0 0f(1Cos (

Hance,

Qx v= roOvcooa0coos0ain a+ ( v Cosaeain s~in a)

+ 00 fl v (coon 0 Csin i con ) (1sn5)o

Page 12
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xi x r o(-Q r con 95 [12rsin cog 9 (16)

The external forces F acting on the C. M. will, in general, consist of the following-

1. Aerodynamic forces

B -base drag effect

D- drag
L - lift (excluding rudder)

- lift of rudder

2. Nonaerodynamlo force@

I Jet vane ad/or exhaust obstruction effeot

mg -gravity

It Is assumed that the vacuum thrust f, and all the force~s listed above, excluding gravai,,Iilie In the plane determined by v and 7,a hw nFg .Hrer ; f .v -LD 0
and NInomltthlogtdnlaxis of the missile. From Figs. 6 and 7,

fo -r0fo sin (80 +t a + q)+ 00 cos (8 + a+ n) con~ a 00 f con (0 a + n) sina

(17)

D-

V

L. r L cos6- 0()L sin 0cosa'- 00 Lsin 0 sina

1N= 70 N coon (0 + a) + 0 N sin (0+ a) cooa u.00 N si (0 + 0,) sin a

j Page 13
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The potential function for an oblate-spheroid eartha is

Y(r,) GMT K1  - - sin2o + K2 R5 (+n4o 30sin20 +3) (18)
R (3 5 ri *i 2

where: G - universal gravition constant - 6.664 x 10 "8 dyne cm2/gm 2; M * mass of the earth

5.975 x 1027 gmn; R - equatorial radium of the earth - 6.3783 x 108 cm; K1  1.637 x 10-3; and

K2 - 1.07 x 10"3. The force of gravity is then given by

M, VY (r,) - + -1o Y(r 0t) mraVr,=K io 1 0 rosi95 ae0

or

r - g, (rT) o , (19)

where

cm _ + 3K, A ( 1 25)+ 1 L 35sin408in 20

92 (r ) , r -22 R2 (siln2 (2 --3sin co q(21)
Rr 2 7 r4

The quantities K, and K 2 are a measure of the earths oblateness. When K 1 , K 2  0,

Equation (4) can be written
I

B +D+ L +N+ + ng+ f0  m ~+ 2'00x v+ 11xflxr (22)

aJeffreys, H., The Earh: Its Origin, Hitoy and Physical Constitution, 3rd ed., p. 129. University

.1 Press, Cambridge, England, 1952.

Page 14
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Substituting Eqs, (14), (15), (16), (17), and (19) in Eq. (22) yields the following three Equations:

-- [Q-B ) sin (0+ a+.7 ) - D sinI9 8L os8 -Ncos (O+ a)..rngi

Sv coo 0 + fisin E) - COs 2 o
r

+ 2 A p cos 19os co sin a -[ 
2 r cos,

P6 1- B -1) coo (0 + a + q) co o a'- D coo 0 co a -L. sin 19 vosa

+ N sin (08+ a) c m0a- mg2]

- nos in a - v noa sin 86+ C eos@ coma

'2 2 2')sn o

+ 'Lsin cos e cos osslnatan

-20 vono e gin 9 gia + 112 r gin co. q6

I (f 0-B-.I)cos(8+ a + ) sina-Dcos sina- Lsei Nina

+ N sin (O + a) sin

= v con 8 eos a- v Sin a sin 8 6 + 6 cos 8 sina

v v2

+ sin 8 cos sin a- -- cos2 2 cos o, sin a tan
ir r

+ 20vcos sinq5cosa.-2flvsin cos

Page I5
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Solving the preceding hree Equations for v, 6, C gives

- (fo-B- )cos( +Co )-(] + Nsin a- g, (r, )sin 0- g2 (r, )cos a. cos

2 r sin 2/ coo. e coo a - aln 0 oo (23)
2)

MV j[(f(, B -I) ain (a + 17+ L -N co ] -1~ v2)Cos

+ 04 i -2 ,~ 1 2n co i + sin a np mr 20mr oo a

+ Co82 con (24)

S, -- cos B lin a tan 0 - 20 (ali n - tan@ co-. com a)

r1

,.-;- ~g2 (r, )+' 2 r sln 2 sac a e in a . (25)TI [9 ("0 +'I
L 2j

Let Tba the sum of the torques tending to rotate the missile about a transverse axis

passing through its C. M., normal to " and"' and let I be the moment of inertia about this axis.

Then, from Eq. (5),

d2, (6 )]- o (+ N)= (26)

Further, let T be the sum of the torques (due to a ring of jets placed around the circumference of

the missile) tending to rotate the missile about its longitudinal axis, and let V' be the moment of

inertia and w) the angular velocity about this axis. Then, from Eq. (8),

Page 16
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d (27)

where a is the perpendicular distance from the longitudinal axis to a jet and v8 is- the exhaust

velocity of the jets.

Equations (13), (23), (24), (25), (26), and (27), plus an appropriate control (guidance
equation in pitch, completely describe the motion of the missile relative to the earth.

If (r0,, 00) in the launching point, and (PI, q61, 01) is the impact point of the missile,
then the impact range %I Is given by

o ics1 Gco$n 00 coon 4, coon (00 01B) + sin 100 si In Oil3 (28)

Here, Iti1s assumed that r, r0 .

The missile, or a part of it, May permanently (Ideally) move about the earth In a nearlyb
oicuarorit povde tatvand 0 assume appropriate values at the Instant of final thrust

termination. These values are deternted as follow.:

If the orbit were perfectly-circular, then ;(#-a 0, for s. a' where t'= time of final thrust

\ ~torminstiou. It then follows from Eq. (18a) that

O(OJo aaZ 0 (a)

and, cons .quently,

6w 0) (b)

Applying conditions a and b to, Eq. (24) yields

v O fr corno sin a + (glr (102 r2 corn2 4,cos2 a)4 (t

bThe obiateuess of the earth prevents the orbit from being perfectly circular and also prevents it
from lying In a plane.

Page 17
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which is the speed of the satellite relative to the earth. Thus, if the satellite is to describe a

nearly circular orbit at a distance -,. r from the earth's center, then

V($)- flr(t') cosO(s') sin 0r(g') + [gl(t )r(t) - fl 2 r 2 (g*) 0om20!,(8) cos 2o(t')] (29a)

@ 1- 0 (9b)

Equations (13), (23), (24), and (25), with f0 -, - I L N m 0, therefore describe the.motion of

to the satellite relative to the earth, subject to the "initial" conditions

(r(t;

S()')

Eq. (29a)

Eq. (29b)

,~(8') ,

If rlt') is large (e.g., r(W') 2 1.25 R), then

.i

D20

Page 13



Jet Propuliaon Laboratory Meskoralndum No. 2Q442

In such a case, the orbit could be considered circular, so that the equations of mnotion would be

micon a
r(0 )o

%3 *jl

where N

-fl 2(t,) coi2j& (32)

1.The values of Wi) sand u (M' determine the iatl augle th~at the orbit maskes with tJhe
equatorial plane. Thus$ in Fig. 8, the orbital ongularvelo ly v 6to of 4e~ satellite makes an
angle 0& with the rotational axis of the sonhi X is the angle hetwea~ihe poitive x axis and the

projection of 0)in the s-a plane.

44- ~ ~ ~ ~ ~ ~ ~ ~ ~ T MJin1t05A7o s ,+Z si I sin A

C. Initially,'orlies in the plane of the orbit, so that

In accordance with Eq. (11),

7r O + 0~ Iq +ar~

Pao* 19
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X. Twhere

o.r w @inbcosj&coos(A- ) + wcoosin4 (33a)

j mi ~'A-0 (33b)

* Now, i oi&m (-)(3)

iKwhere d/di rofern tolUrtinl apace. If the earth is taken go the.rf4 p. heeuto bv

becomesu

But,, from Eq. (12),

-ro +70 v oo co a+ 0 vcooa19 in a

Further, 0 T- $oar vQ and -M X r j- 19M)O Substituting In Eq. (34) and CquatIng
I components yields

A wo 1 oo cg E) sin a

Pogo 2D

. ..........-
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However, for £ e ' 0. Combining the last two Equati~ns with Eqs. (88b) and (33c) gives

cosaca c sin Obsin (X -6Y, (5
r

0coo~ s'i.-a coon corn 4). sin* Sin CO co ,7 (-) (b

Since 0 0 initially, (or,- 0. Then, from Eq. (8a),

COSn Xri-srilk 0 COS 0colA-6) (35c)

Cmbining -Eqa. (85b) and (85o) yields-ths, deilred x11410A

ao. ~ ~ ~ t m 00) 04n c n af~s2)

coo 04(t) aH(t 0) (I<O (9' <0).

-Where-

H(.' ~I.~L- I !~ la in aU I) coon ~('0 00u20(1)

LHUI t i r+ ) a

Here, v(t') is given by Eq. (29.).
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VI. APPROXIMATE LOCATION OF THE MISSILE IMPACT POINT
FOR A ROTATING EARTH

The exact location of the missile impact point is obtained by integrating Eqs. (13), (23)
to (27), and the appropriate control equation from takeoff (9 - to) to imnact (t = 11). It is possible

to desoribe the approximate location of this point by integrating the equations only up to 9 £

Y ~ the, time at which the guidance is terminated (the thrust having terminated at 9 5 0. The impact

point can then be determined from the values of the missile position and velocity at t t:

It is assumed that the earth isA perfect sphere (inverse-square force law), and that the

line passing through f, and 4,. Then the equation of the ellipse is

where

vi(t') r2(t 1) cog2 e1(tW)

2

r(t') r2 (t) cos 2 ej(t')

The subscript i denotes that the associated quantity is measured i Inertial space. Here, a Is the

eccentricity of the ellipse, and 90 and ro are. the values of g and r measured at. the earth's surface.

(The Impact altitude is assumed equal to the launching altitude.)

The impact point 0j(11), 0i(t,) is a function of r(t '), ~(0', 01 (t'), vtQ), 8, (1, ),
ai(t') (refer to the spherical tight triangle in Fig. 10). From Fig. 10,

COS aio tan (37a)
tan
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H

'sin 17(t') - s-- (37b)
. sin X

Substituting this in Eq. (37b) yields

Cos i- coo ,(') Cos o [rn (Cs(s) - 014t)] + sin (t') sin 0g(14)

From Eq. (28),

coo "i(t') cog Oj ($I) co[ [1($') - atl41)] +ain T (e) Ila g(,1) (m1l- Iin2O(t )min l4

From Eq. (28),

coon Oi(T')Or O9(t1 ) ofre 1 (t') -Mik(a:)] Oj iA("),m ltj) -q$041 (09)

Combining Eqs, (38) sad (89) gives

( 1-91 2,70) v12I coon 01s(0 - Cos B ) a
m1 n (D1) - - l) s(') or ( (40)

sin f [ (a') - , (0]

But q b(.. ') - O(t ). Hince, from Eq. (37a),

W) O,(a) + tan-' f Coso (s'W) tan X

Substituting this in Eq. (40) yields..

sin 4,(tj) coon q (t') co a(t') m. x+ sin q(.') Con X (41)
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The value of Oj(Sj) can then be obtained from Eq. (39)1

6 Oj e(W) +Cos-'( sac Oj(t) see Oj 41) Cos

OWG(~) C- '[a1  I .(..77<o,(t') < 0)

6,W(s) (a s1 0,7 r (42)

II .
T(111 -

To obtain the des~ire~d Impact coordinates 0(i), OQI) in~easured relative to the earth), An

relk!! on must be obtained between the position *Ad velocity coor~dinates of. the a uisale, as.*
meaeur4id in Inertial apace, and earth-fixed coordinates. In Fig. 11, the subscript i denotes ...

inertial space, ad 11(t - ioratbe. angle through which the earth 4au rotated In the time 9£ '

Here, 1 s. Now, * *

( -r=f- + -6X,0
\d t/
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But T rild. Therefore

V, ;+ x )r (44)

IT "Nw l 0snq cs .ubttting this expression and Eq, (10) into Eq. (44) yields

___ the three Equations

1.os~os 1 01- 
oos

which, combine to give

Vi V, + r nCos (Or co* 7 2v coomB sin i)

sil] 1 - u (48)
ift

tanV tan a- -s ee Sea ouo

oroim Fig. 11,

xj -. xoo(4- 0 + x si (1(9 - t

x sin 0 (e - a)+ x coson U-0i'

Substituting Eqs. (9) into the. tpressions above yields the three Equations

-Cos~~i coso c Cos~ CosO (t - 0+ sinG 0 o i

Pae. 25



Memorandum Noe. 204142 Jet Propulsion LWora ry

sin -sin~

sin 01 Cos 4'j -- Cos9 con sin LI ((s- t)+ sine coo coof (s- 1

which combine to give

(46)

Equations (45) and (46) are the desired relations. The quantity t - $'is obtained as follows 2

from Eq. (80),

@sin 0.0 4

Combining this and Eq.. (86) with the Equationet

v, sinB 5 -j

p. FV -Co 9 angular momentum- constant

yields

* dr' (.2..1 r2 +2r(st )
+ . - ____. W t< s (47a)

dt r 82 a -

PE 2
1, UJ+ < -. 1 t: L) (47b)
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Hare, t. time at which the missile reaches the summit (see Fig. 9). Integrating Eq. (47a) from
81 to t~ and Eq. (47b) from t. to t (a <a I td and combining the two results given

a-t'--{.)12~ + t)L * -

P _ _ - 2 r ( t ) i [ 2 1

(L a

} (48)

_"Ga. P n - I~ )V,(to 61 (

Equations (43), (45),.(40), and (48), used In conjunction with Eq.. (41) and (42), yield the
desired Impact point 0 4Aj) 4d,1.

If, for. simplicity, It is allspurned that the earth .dop. not rotate during the. Interval
so S J,Kthen the'm nisl# path, during this Interval, will liie In a plane relative to the earth;

therefore, the equations to be Integrated will simply bei Eq.'(l8a); the expression
-+1 CID e (Where x -s ground range mea asJured along the sdrisce of the earth); Eq9. (28) and

(24) (with 11 - 0) Eq. (26); end a control equation, in pitch.. However,, only the quantities P(M',
v (s I and e 4 1 are'obtainable from the solutions.. The remaining quantities OWa ), G(s.'), and

aMcan be determined from the known values of 04a0), 0(80), &(o) and x(O'. Thus, analogous
to Eq.. (41) and (42),

O ) sin to 954 0) coon V(to) min - + sin (to) coon - (9

r0
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'~PouaeL~et~

OWt) O(so) + ca [see (to) a 0 o
ro

tanl (40tan q(t(0 < a (to) < 7r)

e(to) co' 7<a(t)<0

'O~.a(So (0496~). 0,17, -77) (50),

Conide te sheica rght tv! ie1s- In Fig. 12. From this Figure,

tan a(to).-

ta
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Table 1. Nomenclature

a perpendicular distance from the missile longitudinal a zis to a jet located, on the
circumference.

B -base drag force.

C. M. -center of mass of the missille.

0 velocity at m, with respect to the C. M. of the missile..
6

drg, force.

e eccentricity of ellipse (iig 9).

F external forces acting'on MI and an.

-thrust from the itb jet.

4 - vacuum thrust.

A,1 f fool of ellipse (Fig. 9).

G universal gravitation constant,

7-acceleration of gravity..

go value of gravity acdisleration at the Isunrib ing point. ---

I -moment of Inertia'of the missile.

44k-unit vectors pointing in the direction of Increasing x, y, 8, respectively.

A et vane and/s. exhaumt-obstruation effect.

K

constants which are a measure of the earth's oblateness.

L -angular-momentum vector (Sec. 111).

L nlift force (Sec. V).

M mass of the earth.

MI torques taken about a transverse axis through the C. M. of the missile.

m =mass of the missile.
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Table I (Cont'd)

m1 = mass of a quantity of exhaust expelled from the missile.

N - total number of jets,

N - lift force of the rudder.

P - position.

p - orbital angular momentum - constant.

tL p - total linear momentum of m, and m, measured In X (x, y, x).

R - equatorial radius of the earth.

Fr~i
- position vector drawn from the center of the earth to the C. N1. of the missile.

ow impact point of the missile.

ro

00 launching point of the missile.

1o,

! ~O o= I- unit vectors.

i " 0O, 0 -- unit vectors pointing in th ection of increasing r, 9, 0, respectively.

s = a constant determined by the missile position and velocity at t - t'.

so average distance from the C. Ni. of the missile to the base of the missile.

)s

4= position vectors.
re

R
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Table 1 (Conf'd)

C91 unit vectors

- time.

t ' time of final thrust termination and/or time of pitch-guidance termination.

Impact time of tho missile.

time at which the missile reaches the summit of its trajectory.

to instant of time Immediately before m, Is expelled (See, II).

to + A - istant of time immediately after mI is expelled .(Sec. 11).

5o , launching time of the missile (Se. VI).

V gravity potential function for an oblate-spheroid earth.

( W velocity of the missile C. M. - dr'di.

Ve =exhaust velocity of jets situated around the circumference of the missile.

x - ground range measured along the surface of the earth.

x - impact ground range of the missile.

xi, Yi, zi 0 Cartesian coordinates measured in inertial space.

a - angle of attack.

25 arcs of great circles on the earth's surface (Fig. 12).

y= angular-velocity vector.

= angle between the motor thrust and the missile axis (Sec. V).
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Table I (Cont'd)

'1

arc. of great circles (in the earth's surface (Sec. VD.

7C

8 inclination of"Vto the local horizontal.

0 -longitude.

X-angle between the + x axis and the projection of (af In the xa plane (Fig. 8).I

(,y, x) -set of orthogonal axen fixed in inertial space.

I (X'. Y ') .'set of orthogonal axes fixed In the earth.

or angle between the local horizontal and the local meridian.

T-torques taken About the longitudinal axIs of the missile.

-5 latitude.

0~

vi quantities measured in inertial space.

4D angle between r and the line through f, and f2.

Vi=angle betwen'wand n (Fig. R).

Q pangularvelocity vector of the sie abtthe. ogtdnlai Sc l)

spi angular-velocity vector of the ie abtth. ogtdnlai Sc 1)

=orbital angular velocity of the satellite (Sec. V-13 and Fig. 8).
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dd

J Fig. 4, Rotation of Missile About
/Its Longitudinal Axis

C.M.

1k-k

Fig. S. Definition of Position

Coordinates

LI

770

Fig. 6.Definition of Velocity Coordinates
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LONGITUDINAL AXIS OF MISSILE

If
Ipa

Fig. 7. Nongpavltbtional Force* Aatino on WINS'le

SATELLITE ORBIT'______________

If 
f

Fig. 8. Inclination of Satellite Orbit ELLIPTICAL PART
to Equiatorial Plane OF TRAJECTORY

CETE O
EARTH

Fig. 9. E~lliptical Path Described

by Missile
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~Fig. 10. Msil Impact Point vi

. Ptbjeotion of Missile Shutoff

*,(rl,9,1/')Point on Euarth's Surface

IF CENTER OF
EARTH

u. I)

fl(#-/' Fg. 11. Rotation of the Eanrth-Fixed System
Relative to inertial. Space

W)

.1 'I((to)

Fig, 12, Spherical Trriangles on Earth a Surface Relating
u*( a nd) f(u (t 0 )
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